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Abstract
We study the classic frequent items problem in data streams, but from a competitive
analysis point of view. We consider the standard worst-case input model, as well as a
weaker distributional adversarial setting. We are primarily interested in the single-slot
√
memory case and for both models we give (asymptotically) tight bounds of Θ( N) and
√3
Θ( N) respectively, achieved by very simple and natural algorithms, where N is the stream’s
length. We also provide lower bounds, for both models, in the more general case of arbitrary
memory sizes of k ≥ 1.
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Introduction

The frequent items problem [8] is one of the most well-studied ones in the area of data
streams [18, 1, 14, 12, 4]. Informally, the problem is that of observing a stream (sequence)
of values and trying to discover those that appear most frequently. Many applications
in packet routing, telecommunication logging and tracking keyword queries in search
machines are critically based upon such routines.
More formally, in the most basic version of the classic frequent items problem, we are
given a stream a1 , a2 , . . . , aN of items from some universe, as well as a frequency threshold φ,
0 < φ < 1, and we are asked to find and/or maintain all items that occur more than φN times
throughout the stream. For real-life applications there are some restricting assumptions the
algorithms need to respect: the size N of the stream, as well as the rate at which the
items arrive, far exceed the computational capabilities of our devices. Consequently, we
usually require streaming algorithms to use O(polylog(N)) memory and allow approximate
solutions within a factor of ε (additive, with respect to φ), since exact solutions would
require linear space [8], a totally unrealistic option in some domains. Furthermore, we are
usually interested in algorithms that make as few passes as possible over the input stream
and, in particular, single-pass algorithms that process the input stream in an online way, i.e.
each item sequentially, making decisions on-the-fly.
So, traditionally data stream problems have been essentially approached as space complexity optimization problems: given an input stream and an approximation guarantee of ,
we try to minimize the memory used (see, e.g., the seminal work of [2]). However, despite
their intrinsic online nature, these problems have not been studied within the predominant
framework for studying online problems, i.e. that of competitive analysis [6].
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Only recently, Becchetti and Koutsoupias [5] did that, using competitive analysis to
study another important streaming problem, namely that of maintaining the maximum
value within a sliding window [9]. Following a similar approach, we formulate an online
version of the classic frequent items problem: given an input stream and a memory of at
most k slots, try to optimize the online algorithm’s performance with respect to that of
an optimal offline algorithm that knows the entire input stream in advance. This is, in
a way, the inverse of the traditional space complexity optimization objective mentioned
above. We also use a similar aggregate-through-time perspective (instead of an unrealistic
optimization-at-every-step requirement) upon defining our objective function (see section
1.1). As argued in [5], the competitive analysis approach combined with an aggregate
objective, seem more appropriate for economic applications as well as a decision-making
under uncertainty framework.

1.1

Setting

We are observing a stream A = a1 , a2 , . . . , aN of N elements drawn from some universe U, in
a sequential, online fashion. It is natural to assume that |U|  N. We consider algorithms
that, at every time step t = 1, 2, . . . , N, maintain in memory a set St (A) ⊆ {a1 , a2 , . . . , at } of at
most k items from the part of the input stream A observed so far1 . Furthermore, we assume
that the only way in which our algorithms can update these memory sets throughout the
execution, is to make an irrevocable decision, at every time point t, of whether or not to store
the newly arrived element at in memory, i.e. St ⊆ St−1 ∪ {at }. An online algorithm can base
its decision just2 on the knowledge of its current memory state St−1 and the current time
point t, while an offline algorithm can have access to the entire input stream A. Notice that,
since |St | ≤ k, if at some point t we want to store a new element at < St−1 , then we may need
to discard some previously stored item a j ∈ St−1 , j < t and then St ⊆ {at } ∪ St−1 \ {a j }. For the
special case of k = 1, which will be our main concern in this paper for the most part (we will
consider general memory sizes of k ≥ 1 again in Section 4) we will denote by st the unique
item in the algorithm’s memory at time point t, i.e. St = {st }.
nA (a)
Given an input stream A and an element a ∈ A we define its frequency as f A (a) = N ,
where nA (a) = |{i | ai = a }| is the number of instances of a in the stream3 . Intuitively, we want
our algorithms, at every time, to maintain the most frequent items possible. We formalize
this, by defining the aggregate frequency objective as the sum, across the entire execution, of
P P
the frequencies of all distinct items in memory, i.e. N
a∈St f (a). Notice here a fine point:
t=1
we treat St as a set and not as a multi-set, i.e. multiple occurrences of the same element in
memory can only contribute once towards our objective. We measure an online algorithm’s
performance on a given input A by comparing its total gain (i.e. the value of the aggregate
frequency objective on stream A) to that of an offline algorithm that knows the entire input
stream A in advance. The competitive ratio of the online algorithm is the maximum value of
this ratio among all possible inputs,
PN P
t=1

a∈S0t

f A (a)

t=1

a∈St

f A (a)

max PN P
A

,

where St , S0t are the memory sets of the online and optimal offline algorithm, respectively.
The competitive ratio for our online frequent items problem, is the best (minimum) competitive ratio we can achieve over all online algorithms.
Finally, whenever we deal with randomized algorithms in this paper, we are always
silently assuming the standard, oblivious adversary [11, 6] model, i.e. the adversary decides
an input A knowing the online algorithm but not the actual results of its coin tosses.
1
To keep notation light, we will simply use St instead of St (A) whenever it is clear to which input stream we are
referring to.
2
In a different online setting, we could have also assumed that the online algorithm has complete knowledge of
the past. This, though, seems as a rather unrealistic assumption to make, especially in a streaming setting.
3
Again, we will drop the superscript A whenever this causes no confusion.
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1.2

Organization of the paper and results

In this paper we are mostly interested in the special case of single-slot memories (k = 1).
That is the case for Sections 2 and 3. We do not deal with general memory sizes of k ≥ 1
until Section 4.
In Section 2, we prove that the competitive ratio of the online frequent items problem is
√
√
Θ( N), by providing a lower bound proof of 31 N and showing that the most simple algorithm that myopically accepts every element that arrives achieves an (asymptotically) tight
√
N competitive ratio. Furthermore, in Section 2.1, we show that the well known Majority
algorithm for the classical frequent items problem performs very poorly from a competitive
analysis point of view, since it has (asymptotically) the worst possible competitive ratio an
online algorithm can demonstrate, namely Θ(N).
Also, we consider weaker adversarial inputs and in particular the case of the input
stream being generated i.i.d. from a probability distribution, known only to the adversary.
In section 3 we show how a very simple and natural algorithm, called Eager, that essentially
√3
waits until it sees some element appearing twice, achieves a competitive ratio of O( N),
√3
asymptotically matching a lower bound of Ω( N) again providing a tight competitive ratio
√3
(of Θ( N)) for the case of k = 1.
Next, in Section 4 we deal with the more general case of arbitrary memory sizes of k ≥ 1,
√
√3
for which we give lower bounds of 31 N/k and Ω( N/k), respectively, for both the worstcase and weaker distributional adversarial models. In fact, the lower bounds of previous
Sections 2 and 3 are derived by simply setting k = 1 at these more general bounds.
Finally, in section 5 we provide an extensive discussion regarding interesting possible
extensions to our model and open problems.

2

Worst-case Bounds

As the following Theorem 1 demonstrates, one can not hope for online algorithms with
bounded competitive ratios. In particular:
Theorem 1. No (randomized)
algorithm for the online frequent items problem can have a competitive
√
ratio better than 13 N − o(1).
Proof. The proof can be found in section 4 where we prove the more general Theorem 8 for
arbitrary memory sizes of k ≥ 1.

The lower bound of Theorem 1 is (asymptotically) tight and achieved by the most simple
deterministic algorithm:
Definition 1 (Algorithm Naive). The deterministic Naive algorithm accepts every element
as it arrives. Formally, st = at for all t = 1, 2, . . . , N.
√
Theorem 2. The Naive algorithm is N-competitive.
Proof. Fix a worst-case input stream A for the Naive algorithm, let α be an element of the
stream having the highest frequency, i.e. α = argmaxa∈A f (a) and let f = f (α). First, notice
that the optimal offline gain cannot exceed N f (by simply giving to it α from the very start).
Next, we provide two lower bounds on the online gain. First, we have a trivial lower
bound of N N1 = 1, since every element stored at any time t in our memory has a frequency
of at least N1 . Next, since every element a ∈ A is being accepted as it arrives, we have it in
our memory for at least N f (a) times for a gain of f (a) per time, so the online gain is at least
N f · f = N f 2.
Consider two cases: If f < √1 , then we use the first bound on the online gain to get a
N
√
Nf
competitive ratio of at most 1 < √N = N and at the complimentary case of f ≥ √1 we
N
N
√
Nf
use the other bound to get, again, a competitive ratio of N f 2 = 1f ≤ N.
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2.1

The classic Majority algorithm

As was discussed in our introduction, if we demand single-pass algorithms then the traditional data streaming setting is essentially an online setting and so, some algorithms for the
classic frequent items problem are valid algorithms for our online version too. This is true
for the counter-based algorithms (see [8]) and in particular for the well-known Majority algorithm [7], for the case of k = 1, and its generalizations (see, e.g., the Misra-Gries algorithm
[15]) for the case of k > 1.
The Majority algorithm keeps a single item in memory, along with a counter, initialized
to 0. If the next value that arrives is the same as the one currently stored, then increase
the counter by +1, otherwise decrease it by −1. Whenever the counter reaches 0, flush the
memory and accept the next item to arrive, increasing the counter to 1. This simple and
clever algorithm manages to solve the 1/2-approximation classic frequent items problem
(i.e. if there is a majority element, appearing more than half the time, it is then in the
algorithm’s memory at the end of the execution) using just a single memory slot. However,
as Theorem 3 demonstrates, from a competitive analysis point of view, its performance
is disappointingly poor. The intuition behind this failure, which is the reason why other
classic algorithms would also not perform efficiently for the online problem, is that the
ε-approximate deviation per step has a drastic effect when aggregated across the entire
execution as N → ∞.
It is a simple observation that no online algorithm for the frequent items problem can
perform worse than N with respect to the competitive ratio: at every given step, the offline
gain can not exceed 1 and the online gain can not be less than 1/N, since for every element
α in the stream: N1 ≤ f (α) ≤ 1.
Theorem 3. The Majority algorithm (asymptotically) achieves the worst possible competitive ratio
of Θ(N).
Proof. Fix a stream length N, N being even, and pick N2 +1 distinct elements α, α1 , α2 , . . . , αN/2 ∈
U. Give as input the stream
α1 , α, α2 , α, . . . , αN/2 , α.
On this input, Majority is forced to change every two steps, with s2i−1 = s2i = αi for all
i = 1, 2, . . . , N2 , never having the desired element α in memory, resulting to a disappointing
gain of N · N1 = 1, while the offline strategy that puts element α in memory as soon as it
arrives at time point t = 2 and keeps it until the end achieves a gain of
competitive ratio of at least N2 − 12 .

3

1+(N−1) N2
N

, giving a


Weaker adversarial models

Here we consider a distributional model where the adversary, instead of explicitly selecting
the input sequence stream A, now just decides on a particular probability distribution,
unknown to the online algorithm, which we sample to construct the input.
Definition 2 (Distributional adversarial model). In the distributional model the adversary
decides the stream’s length N and picks a probability distribution D on the universe of
elements U. The input stream A is generated by drawing N observations i.i.d. from D. D
is not known to the online algorithms.
It is interesting to notice that this type of adversary resembles the random order input
model used in the classical secretary problems as well as recent online auctions settings
(see, e.g.,[3, 10]). A random order streaming model was first proposed in the seminal paper
of Munro and Paterson [17].
Notation. In this section, we will use the following notation: Let N be the length of the
stream, D be the distribution of the input, having P
support D = {α1 , α2 , α3 , . . . } with probability pi corresponding to element αi . We set q = αi ∈D p2i and without loss of generality,
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assume that p1 ≥ p2 ≥ . . . . Since the items of the stream are selected i.i.d. from D, the
expected frequency of element αi at the resulting stream is simply f (αi ) = pi , for all αi ∈ D.
We first provide a lower bound. Although obviously better than that of the worst-case
model of section 2, it still remains unbounded with respect to the stream’s length N:
Theorem
4. The competitive ratio of the online frequent items problem for the adversarial model is
√3
Ω( N).
Proof. As with Theorem 1, the proof can be found in section 4 for the more general Theorem
9 for arbitrary memory sizes of k ≥ 1.

Now we turn our attention to upper bounds, and in search for an online algorithm
√
that, used in our current model of distributional inputs, will break the Ω( N) bound for
the worst-case model of Section 2, the first question we should deal with is whether a
trivial algorithm such as the Naive algorithm of Definition 1, which does not even take into
consideration its memory set St−1 before making a decision, can achieve this. The answer
is negative:
Theorem 5. Every (randomized) online algorithm that does not take into consideration its memory
set, i.e., for all time points t, its probability of accepting incoming element a√t can depend only on the
current absolute execution time t and not St−1 , has a competitive ratio of Ω( N) in the distributional
adversarial model.
Proof. Fix a stream length N with N being an even, perfect square positive integer and let
√
m = N. Consider a probability distribution D with support {α0 , α1 , . . . , αN−m } ⊆ U, for
which p0 = m/N and p j = 1/N for all j = 1, 2, . . . , N − m. Let Pt denote the probability of
accepting the newly arrived element at at time t and Qt = Pr [st = α0 ], the probability of
having element α0 stored in memory at time t. Then





m
Qt+1 = Qt · 1 − 1 − p0 Pt+1 + (1 − Qt ) · p0 Pt+1 = Pt+1
− Qt + Qt ,
N
which, by the fact that Q1 = m/N (since at the first step any online algorithm just puts item
m
for all t. That means that the expected gain of our online
a1 in memory), gives that Qt = N
algorithm is
N
X

t=1

N 

X
1
m
Qt f (α0 ) + (1 − Qt ) f (α1 ) =
Qt + (1 − Qt )
N
N



t=1

m2 m
1
− +1=2− √ .
=
N
N
N
The offline algorithm that waits until it sees the desired element α0 and then stores
it in
√
m
= 2N , since
memory forever has asymptotically an expected gain of at least N2 f (α0 ) = N2 N
N/2
the probability of having discovered α0 until the middle of the stream is 1 − 1 − p0
=
N/2

1 − 1 − √1
→ 1, as N → ∞.

N

Theorem 5 above tells us that we should consider only non-trivial algorithms that consult
their memory before making a decision. The simplest of them is the following:
Definition 3 (Algorithm Eager). The Eager algorithm accepts every element as it comes.
If it finds the same element in two consecutive positions, then it keeps it until the end.
Formally, let
t∗ = min {t | at = at+1 }
1≤t≤N−1

if that exists, otherwise t = N. Then Eager is the algorithm with st = at for all t ≤ t∗ and
st = at∗ for all t > t∗ .
∗
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First, we need to bound the optimal offline gain:
Theorem 6. The expected optimal offline gain of the distributional model is O(max{N1/3 , p1 N}).
Proof. Let Xi be the random variable representing the number of appearances of element αi
at the resulting stream (generated i.i.d. from D). Then, Xi follows a binomial distribution
with parameters pi , N. It is clear that the expected optimal offline
gain cannot
n
o exceed
maxi Xi ( maxNi Xi per step). Also, let M = max{N1/3 , p1 N}, I1 = i pi N ≥ N1/3 and I2 =
n
o
i pi N < N1/3 .
We will need the following lemma:
h
i


Lemma 1. For all i ∈ I1 , Pr Xi > 6pi N ≤ 2p1 pi and for all i ∈ I2 , Pr Xi > 6N1/3 ≤ 2pi N−2/3 .
Proof. If i ∈ I1 , then p1 ≥ pi ≥ N−2/3 and using a Chernoff bound (see [16, Theorem 4.4]) we
get


Pr Xi > 6pi N ≤ 2−6pi N ≤ 2p1 pi ,
since

2−6pi N
pi p1
−2/3

≤

2−6pi N
p2i

1/3

≤ 2−6N N4/3 ≤ 2 for all N, the second inequality holding by substituting

pi = N
at a monotonically decreasing function.
If i ∈ I2 , then pi < N−2/3 and
h

Pr Xi > 6N

1/3

i

N
X

!
N j
p (1 − pi )N− j
≤
j i
1/3
j=6N
!
pi
N
1/3
1/3
≤ p6N
− n, 1; 1 + 6n1/3 ; −
),
2 F1 (6n
i
1/3
6N
1 − pi

where 2 F1 is the Gaussian hypergeometric function, maximized at pi = N−2/3 for a value of
1/3
N 
less than 2 (for all N), giving an upper bound, for the above probability, of 2p2N
6N1/3 . So,
i
1/3
N 
−2/3
we need to show that p6N
, i.e. it is enough to show that
6N1/3 ≤ pi N
i
1/3
−1
N2/3 p6N
i

!
!

6N1/3 −1 N
N
2/3
−2/3
≤ 1,
≤N
N
6N1/3
6N1/3

which holds for all N, concluding the proof of the lemma.



Now we are ready to bound the expected optimal offline gain:
E[max Xi ] ≤ 6M · Pr [max Xi ≤ 6M] + N · Pr [max Xi > 6M]


X
X


≤ 6M + N 
Pr [Xi > 6M] +
Pr [Xi > 6M]
i∈I1

i∈I2



i
X 
 X h
1/3

Pr Xi > 6pi N +
Pr Xi > 6N  ,
≤ 6M + N 
i∈I1

i∈I2

since M ≥ p1 N ≥ pi N and M ≥ N1/3 , and so by Lemma 1


X
X
X

−2/3

2p1 pi +
2N
pi  ≤ 6M + 2M
pi = 8M.
E[max Xi ] ≤ 6M + N 
i∈I1

i∈I2

i


Next, we turn our attention to analyzing the online gain of our algorithms:
Lemma 2. The Naive algorithm (see
P Definition 1) has an expected gain of at least 1 + q(N − 1) for
the distributional model, where q = p2i .

6

Proof. Notice, that, since the Naive algorithm accepts every element to arrive, at every step
it has element αi stored in memory with probability pi , for an expected (frequency) gain of
1+pi (N−1)
at this step, resulting to a total expected gain of 1 + q(N − 1).

N
We are ready now to give our upper bound, asymptotically matching that of Theorem
4:
Theorem 7. The randomized algorithm that runs Naive and Eager with an equal probability of
√3
is O( N)–competitive for the distributional model.

1
2

Proof. From Lemma 2 and Theorem 6 we only need to show that Eager is O(N1/3 )–
p1 N
competitive for the case when p1 N > N1/3 and 1+q(N−1)
= ω(N1/3 ), which give the following
necessary conditions:
p1
p1 > N−2/3 and q < 1/3 .
(1)
N
Let t∗ be as in Definition 3. Then, since the stream is generated i.i.d. from D, Pr [t∗ ≥ t] =
P
Qt−1
Qt−1
Qt−1

t−1
for t ≤ N − 1, and
i pi pi = (1 − q)
i=1 1 −
i=1 (1 − Pr [ai = ai+1 ]) =
i=1 Pr [ai , ai+1 ] =
t−1 2
so the probability of Eager “discovering” α1 at time t + 1 is (1 − q) p1 , for an expected gain
of at least

2+(N−2)p1
(N
N
N−1
X

− t + 1) ≥ p1 (N − t + 1), resulting to a total expected gain of at least

(1 − q)(t−1) p21 · p1 (N − t + 1) = p31

t=1

(1 − 2q)(1 − q)N−1 + q(N + 1) − 1
q2

This, together with Theorem 6 and (1), gives a competitive ratio upper bound of
F(q, N)
p21

where F(q, n) =

q2 N
.
(1 − 2q)(1 − q)N−1 + q(N + 1) − 1

It is not difficult to see that F(q, n) is an increasing function with respect to q, thus by (1)
getting an upper bound of
F(p1 /N1/3 , N)
p21

=

N1/3
1−

2p1
n1/3


1−


p1 N−1
N1/3

+ p1



1
N1/3

.

+ N2/3 − 1

The denominator in the above expression is an increasing function with respect to p1 and

N−1

so, by (1), it is minimized by setting p1 = N−2/3 for a value of 1 − N2 1 − N1
+ N1 → 1e , as
N → ∞, giving the desired upper bound of O(N1/3 ) on our competitive ratio.
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Lower bounds for arbitrary memory k

In this section we consider an arbitrary memory size of k ≥ 1, generalizing the single-slot
memory settings of the previous Sections 2 and 3 and we extend the lower bounds for
both the worst-case and the weaker distributional adversarial models considered in these
sections. Obviously, for k = 1 our results here match those of Theorems 1 and 4, respectively.
Theorem 8. No (randomized)
algorithm for the online frequent items problem can have a competitive
q
ratio better than 31 Nk − o(1).
q
N
Proof. We use Yao’s principle [20, 6]. Fix a stream length N and set m =
k (which we
assume to be integer). Fill the stream’s first N − km positions, with N − km distinct elements
a1 , . . . , aN−km ∈ U. The probabilistic input is constructed by selecting uniformly at random
k distinct elements a j1 , . . . , a jk from the first km positions and using m copies of each to fill
the remaining last km slots of the stream.
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An offline algorithm picks an element α ji as soon as it appears, an event which occurs
at step km at the latest, and keeps it until the end, resulting in a total gain of at least
(N−km)·(m+1)
= m − m1 for each of the k positions in memory.
N
By the uniform way in which our input is constructed, it is easy to see that the best online
deterministic strategy is to pick the first k elements, keep them until position N − km and
then gradually replace them with the k distinct elements of the last km positions. For a given
memory slot, the probability that the online algorithm will succeed to initially pick one of
k
= 1/m. In this case the gain is at most N m+1
the high-frequency items is at most km
N = m + 1.
km2
Otherwise, the gain is at at most (N − km) N1 + km m+1
=
1
+
=
2.
Therefore
the
expected
N
N
1
1
online gain per each memory slot is at most (m + 1) m + 2(1 − m ) ≤ 3. It follows that the ratio
q
of the optimal gain over the online gain is at least 13 (m − m1 ) = 13 Nk − o(1).

It is easy to see why an analysis of some natural extension4 of the Naive algorithm (see
Definition 1) for the single-slot memory case can not give us a better competitive ratio than
that of the simple case of k = 1 in Theorem 2. Simply construct an input of k consecutive
√
distinct blocks, each block holding exactly N/k instances of a unique element. After these
blocks, fill the remaining stream with “dummy” elements from U appearing only once. In
such inputs where we have consecutive appearances of the same element, Naive’s memory
is essentially rendered useless and acts like a single-slot memory algorithm, since in our
model regardless of how many times an element resides in memory at a given time instance,
it can only be counted once towards the online gain.
Theorem 9. The competitive
ratio of the online frequent items problem for the distributional
√3
adversarial model is Ω( N/k).
Proof. We use again Yao’s principle and give a distributional input D with k elements
α1 , α2 , . . . , αk (not known to the online algorithm) having a probability of p = (kN2 )−1/3 and
all other elements in U being assigned arbitrarily small probabilities of ε → 0 (we are
assuming a very large universe |U|  k). Notice that this is a valid probability distribution,
since kp < 1. By this construction, it is safe to assume that no element except α1 , α2 , . . . , αk ,
appears more than once in the resulting stream a1 , a2 , . . . , aN , since such an event occurs
with very small, negligible probability. So, when an online algorithm observes an item that
it is already in its memory (i.e. at ∈ St−1 ), it knows for sure that this is one of the “good”
elements α1 , α2 , . . . , αk and, furthermore, until such a “marking” occurs the online algorithm
can have no information on the identities of these desired elements, meaning that, until
then, the probability of having αi residing in a particular memory slot is at most p, for all
i = 1, 2, . . . , k and all memory slots. Thus, the probability of discovering αi , i = 1, 2, . . . , k,
at some time point t can not exceed kp · p (at most k slots are still “free” at time t and each
is holding αi with a probability of at most p) an event giving an expected gain of at most
Np (assume that all discovered elements can be stored, that we are receiving gain from all
possible multiple copies of the same element and that this gain is taken from the start t = 1).
Also, if we don’t discover any “good” element throughout
we can trivially
o the execution,
n
1−kp
1
2
get an expected gain of at most kp · p + (1 − kp) max ε, N = kp + N per step and per slot.
Summing up, the expected total gain of every online deterministic algorithm is at most
#
"
1 − kp
N · k · Nkp3 + N · k · kp2 +
≤ 2k + N−1/3 k4/3 ≤ 3k,
N
since p = (kN2 )−1/3 and k ≤ N.
Finally, consider the offline algorithm that waits until it sees element αi for the first
time and then stores it in the i-th memory slot forever (for an expected gain of at least p
per step). Notice that the probability that an element αi has not been stored until halfway
4

For example, consider the algorithm that accepts every element as it arrives and replaces the items in memory
in a FIFO way. Formally, St = {at , at−1 , . . . , at−k+1 } for all t = 1, 2, . . . , N (where at = a1 for all t ≤ 0).
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√
the
is (1 − p)N/2 ≤ 1/ e (since p ≥ 1/N), so the expected offline gain is at least
 execution

(1−e−1/2 ) 1/3 2/3
k 1 − √1e N2 p =
N k , giving the desired competitive ratio.

2

5

Extensions and future directions

The most obvious open problem based on our work is that of closing the gap, in both
adversarial models, between the upper and lower bounds of the competitive ratios with
respect to the memory size parameter k in the general case of arbitrary memory sizes of
k > 1.
Throughout this paper we have used an absolute frequency notion, i.e. we take an
element’s a count nA (a) (number of appearances) with respect to the entire stream A. Alternatively, one can define an ephemeral frequency ftA (a), dependent on the current time point
t and refer to element’s a count up to that point, i.e.
ftA (a) =

|{i ≤ t | ai = a }|
.
t

(2)

Notice that, as expected, f (a) = fN (a). Our aggregate frequency objective can be naturally
P P
extended to N
a∈St ft (a).
t=1
Intuitively, one would expect the competitive ratios for ephemeral frequencies to remain essentially unchanged for the distributional adversarial model, since the expected
ephemeral frequency of an element at a given time t would be equal to its expected absolute
frequency (resulting to equal expected gains per step), while in the worst-case model we
can hope for better performance: the “nemesis” inputs similar to that of the lower bound
proof of Theorem 1 no longer apply in such a disastrous way.
Indeed, for the distributional adversarial model our results still hold within logarithmic
factors:
Theorem 10. The competitive ratio of the online ephemeral frequent items problem for the distribu√3
√3
tional adversarial model is Ω̃( N/k). For the single-item case this gives a tight Θ̃( N) competitive
ratio, achieved (again) by the algorithm described in Theorem 7.
 √3 
by following the proof of
Proof. For the lower bound, one can show a bound of Ω lnN/k
N
Theorem 9. We only have to notice that the
expected gain
i in the case of not discovering
PN h 2
1
any “good” element is now at least k · t=1 kp + (1 − kp) t ≥ Nk2 p2 + (1 − kp) ln(N + 1) and
carry out the remaining calculations.
For the upper bound, the performance of the Eager-Naive algorithm is now at least as
good as that presented in Theorem 7: all the lower bounds on the algorithm’s gain per step
and per slot still hold and also we can imitate the proof of Theorem 6 to bound the optimal
offline gain at a given time step t by O(max{t−2/3 , p1 }). This leaves the remaining arguments
P
1
1/3
in the proof of Theorem 7 essentially invariable since N
).

t=1 t2/3 = O(N
We will show that this “soft-O” analogy holds also for the upper bound on the worstcase adversarial model (of Theorem 2). But what would be a natural adaptation of the
simple Naive algorithm (Definition 1) to our new model of ephemeral frequencies? It feels
that the change of the denominator t at every step for our algorithms’ gain (see expression
(2)) inherently calls for the well-known reservoir sampling algorithm (with a reservoir size
of 1) by Vitter [19]:
Definition 4 (Algorithm Reservoir). The randomized algorithm Reservoir accepts the t-th
element to arrive with probability 1t . Formally, Pr [st = at ] = 1t and Pr [st = st−1 ] = 1 − 1t .
The critical property of the Reservoir algorithm is that the element residing in its
memory at every time step is sampled uniformly at random from the part of the stream
already observed, i.e.
1
Pr[st = ai ] =
for all i = 1, 2, . . . , t.
t
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p
Theorem 11. The Reservoir algorithm is N/ ln(N + 1)-competitive for the online ephemeral
frequent items problem (in the worst-case adversarial model).
Proof. Fix a worst-case input stream A for the Reservoir algorithm, and let ft∗ be the highest
(ephemeral) frequency of an element of the stream up to time point t, i.e. ft∗ = max1≤i≤t ft (ai ).
P
∗
Then, the total optimal offline gain cannot exceed N
t=1 ft . Next, notice that at a given time
step t the Reservoir algorithm has in its memory an element of ephemeral frequency ft∗
with probability ft∗ and, also, we have a trivial lower bound of 1t on the gain at this step.
This means that the total expected gain of the Reservoir algorithm is lower bounded by
P
PN 1
∗2
both N
t=1 ft and
t=1 t ≥ ln(N + 1).
p
P
PN ∗
∗
Now, we have the following two cases for N
N ln(N + 1), then the
t=1 ft : if
t=1 ft ≤
competitive ratio is indeed bounded by
PN

∗
t=1 ft

Otherwise, if

PN
t=1

p
≤

N ln(N + 1)
=
ln(N + 1)

r

N
.
ln(N + 1)

ln(N + 1)
p
ft∗ > N ln(N + 1), we can use Jensen’s inequality to get the bound

PN

∗
t=1 ft
PN ∗ 2
t=1 ft

PN

∗
t=1 ft

≤
1
N

P

N
∗
t=1 ft

N
2 = PN

t=1

N
< p
=
∗
ft
N ln(N + 1)

r

N
.
ln(N + 1)


√
However, we have not been able to show a tight lower bound of Ω̃( N/k) for this
ephemeral frequencies model, similar to Theorem 8 and we think this is a challenging open
problem even for single slot memories. Our best result is very near to that of the lower
bound of the weaker distributional adversarial setting (see Theorem 10):
p
3
Theorem 12. The competitive ratio of the online ephemeral frequent items problem is Ω( N/ ln2 N)
(in the worst-case adversarial model and k = 1).
Proof. We use Yao’s principle, and we construct a stream of length N, consisting of m =
√3
N ln N consecutive “boxes”, each one of length l = N
m . Pick some “good” element α
(unknown to the algorithm) and throw one instance of it in every such box, uniformly
at random within it. Fill the remaining positions of the stream using (N − m) distinct
“dummy” elements. Under this input, at every time step t belonging in the i-th box (i.e.
(i − 1) · ` + 1 ≤ t ≤ i · `) element α has an (ephemeral) frequency of




1
i−1
i
m
1
m
1−
=
≤ ft (α) ≤
=
1+
,
N
i
i`
(i − 1)` + 1 N
i−1
when i ≥ 2 and 0 ≤ ft (α) ≤ 1 for i = 1. Every other “dummy” element would have a
frequency of 1/t.
An offline algorithm would discover element α until the end of the first box and
place it in its memory until the end of the execution, for a total expected gain of at least
√3
Pm m
1
i=2 N 1 − i ` ≥ m − 2 − ln m = Ω( N ln N). On the other hand, every online algorithm
will either try to “discover” at every box i the desired element α, an event that happens
with probability
 at most 1/`, so as to keep it until the end for an (optimal) gain of at most
Pm m 
1
j=i N 1 + j−1 ` ≤ m − i + 2 + ln m (for i = 1 this bound is m + ln m + `), or just accept naively
P 1
every element to arrive for an expected gain of at most N
t=1 t (gain from the “dummy”


P m
1
elements) plus 1 + m
1
+
(gain
from
the
occurrences
of α). So, in the first case the
i=2 N
i−1
Pm 1
1
total expected online gain is at most ` (m + ln m + `) + i=2 ` (m − i + 2 + ln m) = O(m2 /`) =
O(m3 /N) = O(ln N), while in the second is O(m2 /N) = o(ln N), proving the desired lower
bound on the competitive ratio.
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In the light of Theorem 5 it is clear that algorithms which do not consult their current
√
memory state St are not able to break the N-bound. So, this is also the case for algorithm
Reservoir (see Definition 4) and in general one can show that every algorithm that performs
a uniform adaptive sampling of the stream throughout the execution, i.e. an element resides
in its memory St with probability proportional to its frequency on the part of the stream so
√
far, is doomed to this N-performance. So what is the underlying idea that makes EAGER
√3
break this boundary and achieve optimal N-performance (see Theorem 7)? Intuitively, it
seems to us that this algorithm manages to implicitly force a non-uniform adaptive sampling
proportional to the squares p2i of the probabilities of the underlying distribution. We believe
that studying the implementability of different samplings based on various functions of the
underlying probabilities (other than the simple uniform one) in such an adaptive way, with
fixed size memory k, may be a challenging and very interesting problem of its own interest
in the wider area of Data Streams.
Another interesting direction that the adoption of ephemeral frequencies gives us, is that
of considering a measure of importance upon our time horizon, e.g. in many scenarios we
are more interested in the recent past rather than remote observations. This can be modeled
by using a non-decreasing, non-negative real valued aging sequence q0 , q1 , q2 , . . . in order to,
for a given time point t, assign to past element at−i a weight of qi , where i = 0, 1, . . . , t − 1.
From this point of view, we need to generalize our (ephemeral) frequency definition in (2)
to
P
i: at−i =a qi
A
,
ft (a) = Pt−1
i=0 qi
to capture this notion of time decay. Examples of such aging sequences may include an
exponentially decreasing time model, where qi = e−λ·i for some real constant λ > 0, or a
sliding window model of window size w, where qi = 1 if i ≤ w − 1 and qi = 0 otherwise.
Notice that the simple streaming model with no time-decaying which we have considered
in this paper corresponds to the case of qi = 1 for all i.
Finally, as stated in the introduction, to our knowledge this is just the second work that
studies some data streaming problem in a competitive analysis framework, after only the
Aggregate-Max paper of Becchetti and Koutsoupias [5]. We think that a lot of interesting
work can further be done in this direction and that the intrinsic online nature of Data
Stream settings makes competitive analysis an appropriate tool to approach such problems,
especially when considering a decision-making under uncertainty and/or an economics
perspective.
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